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Chapter 2

An Efficient Analysis of Pollutant
Migration through Soil

R. K. Rowe and J. R. Booker

2.1 INTRODUCTION

The potential for contamination of groundwater is now a major consideration
in the design and construction of waste disposal sites in many countries. Often

- the movement of contaminant from the disposal pit is controlled either by

siting the landfill in a natural clayey soil or by constructing a compacted clay
liner between the disposal pit and the surrounding soil. The selection of the
type and thickness of the liner requires consideration of the expected concen-
trations at observation points beneath the liner, at the boundaries of the
disposal site and possibly, at specific monitoring points outside the site. These
contaminant migration analyses can be performed using time-marching finite
element techniques [1], however, to obtain accurate results at both small and

-]Jarge times, this requires a relatively refined finite element mesh (to accom-

modate high concentration gradients at low times) and considerable computa-
tional effort.

Many soil deposits are horizontally layered and it is not really necessary
to use the finite element method. In these cases, an alternative finite layer
procedure proposed by Rowe and Booker [2—6] can be adopted for directly
calculating the concentration of contaminants of specified locations and times.
This approach, which will be described in this chapter, takes account of the
fact that the concentration of contaminant within the disposal pit may
decrease as mass is transported into the soil while also allowing for the possible
presence of a more permeable underlying stratum (aquifer) beneath the clay
liner. The technique to be adopted involves taking the Laplace and, where
appropriate, Fourier transforms of the governing equations, finding an analytic
solution in transform space and then numerically inverting the transforms to
obtain the concentrations of contaminant at selected positions and times.

The solution will be developed initially for the case of 1D (vertical)
advective-dispersive transport in layered soil but allowing for horizontal
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14  Numerical Methods in TRANSIENT AND COUPLED PROBLEMS

transport in an underlying aquifer. The procedure will then be generalized to
two and three dimensions.

The appliction of these techniques will be discussed and will be illustrated
by a number of examples.

2.2 GOVERNING EQUATIONS

The transport of substances through a saturated clay can often be approx-
imated by a Fickian-type law [7] having the form:

x = - Dxx ~~ 2. 13

Sr=nvc—-n p (2.1a)

Jy = nv,c— nDy, de (2.1b)

ay
Sfe=nv.e—nD 3¢ 2.1¢)
= E4 f£4 az .

where (
¢ is the concentration of the contaminant of interest at some (g
point (x, y,z) at some time ¢ (

n is the porosity of the soil
Jeo fys fo  are the fluxes in the x, y, z Cartesian direction

Ur, Uy, U; are the components of the seepage velocity in the x, y and z
directions, and

D1x, Dyy, D,; are the coefficients of hydrodynamics dispersion (incor-
porating the effects of molecular diffusion and mechanical
dispersion) in the x, y and z directions.

Consideration of mass balance gives:

afr af, df; ac _

ax+$+a_z+"b':+g'° (2.2a)
where the quantity g takes account of the possibility of some of the contami-
nant being absorbed onto the clay skeleton. For equilibrium controlled ion
exchange where the concentration of the exchange ion is relatively low, the
absorption of this species may be approximated by a linear relationship of
the form

g=pK — (2.2b)
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where
p is the dry density of the solid and

K is the distribution coefficient.

The distribution coefficient X may often be estimated from the results of a
laboratory column test [8] or may be determined independently [9,10]. It
should of course be determined over a representative range of concentrations
which reflect the likely field variation.

For a homogeneous layer in which the pore fluid velocity is uniform, equa-
tions (2.1) and (2.2) can be combined to give:

dc 3% 3% 3%
(n + pK) -5;=an;;€“—2'+an (—3;5+HD&—-

az*
ac ac ac
— nux i nvy 5; — nu; % (2.3a)

Equation (2.3a) governs 3D contaminant migration subject to the initial con-
dition that

c=cy at t=0 (2.3b)

where ¢; is the initial (background) concentration.

2.3 PROBLEM CONFIGURATION AND BOUNDARY CONDITIONS

A typical situation is shown schematically in Fig. 2.1. Supposing that at a
depth z = za, the clayey deposit is underlain by a more permeable stratum (base
aquifer) of thickness & and porosity np. If there is vertical advective transport
into the aquifer then, strictly speaking, continuity requires that the base veloc-
ity in the aquifer should vary with horizontal position. However, if, as is often
the case, the vertical velocity is small compared to the horizontal velocity in
the aquifer then, as a first approximation, the base velocity may be assumed
to be uniform and horizontal. If it is also assumed that the concentration in
the aquifer is uniform across its thickness, then consideration of conservation
of mass within a small element of the aquifer between (x, X+ dx), (v, y +dy)
gives:

4
noh dxdy c(x, ¥, Zn 1) = dxdy S fo(x, ¥, 2n, 7) AT
0
t
—h dy S (o + A%, 9 2m 7) = fel% 3, 2m 7)) 47
0

—hdx S; (%, ¥+ dY,2a, 7) = S5 (X, Y1 Zns 7)} dr (2.9)
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Figure 2.1 Problem under consideration.

which follows from the observation that the mass of contaminant in the ele-
ment at time ¢ is equal to the total mass transported into the element from the
overlying clay less the net mass transported out of the element in the x and
y Cartesian directions. Assuming again that mass transport is governed by
Fick’s Law, dividing throughout by the pore volume nyh dx dy, and taking
the limit as dx and dy tend to zero then gives:

e, a0= | [fZ(x' Yo2m7) _ Vo (X, Yo ny ) _ Vpy 3%, Zno 7)

nyh Np ax np ay
a%c(x, ¥, 2, 7) 3%c(x, ¥,2n, 1)
+ Dy -'-(—é'xz———- + Dpy ————'——ayz dr (2.5a)
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where
np is the base aquifer porosity
h is the thickness of the base aquifer

Usx, Uby are the components of the superficial velocity in the x and y
directions in the base aquifer (The superficial velocity is the
seepage velocity, multiplied by the porosity.)

Duy, Dy, are the coefficients of hydrodynamic dispersion in the x and y
directions in the base aquifer.

Adopting the following notation

¢y =c(x, y,2Zn, 7) Iis the concentration in the aquifer at (x, y, z,) at time
75
Joz=Je(X, ¥,Za, 7) is the flux into the aquifer at (x, y,z,) at time 7;

Jox = fe(X, ¥, Zn, ) is the flux in the x direction in the base aquifer at time
r; and

Joy = fy(x, ¥, 2, 7) is the flux in the y direction in the base aquifer at time
T.

N

Equation (2.5a) can be rewritten as

_ (" (for _vexdcy_vpy dcs % d%cy
o= So(nbh o 020 0 4 D 5.3+ Do 57) dr  (2.5b)
" Thus the presence of a base aquifer can be modelled as a boundary condi-
tion by invoking equation (2.5). Of course when analysing a layered deposit
for 2D or 3D conditions an aquifer could also be modelled as an additional
layer in the deposit rather than as a boundary condition to the clayey deposit.
In many practical situations, the mass of solute in the landfill (or lagoon)
will be limited and the mass will reduce with time as pollutant is transported
from the landfill. The simplest such case is where the landfill is filled relatively
quickly having a concentration co and height of fluid Hy at completion. The
height of fluid Hy represents the volume of leachate (which depends on the
porosity of the landfill and the location of the watertable) divided by the
average plan area of the landfill. The initial concentration co and height of
leachate Hy can be estimated for a given landfill. Assuming that the concentra-
tion in the landfill is spatially homogeneous but may vary with time as mass
is transported into the clay, conservation of mass requires that:

AHcr(t) = AHyco - S; (S L fr dA) dr. (2.63)

)
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18 Numerical Methods in TRANSIENT AND COUPLED PROBLEMS

where
A s the plan area of the landfill;
H; is the equivalent height of leachate (fluid);

cLr(t) is the concentration of the contaminant within the landfill
at time f;

co is the initial concentration of contaminant within the
landfill (i.e. at t=0); and

- fr=fux,5,20,7) is the flux entering the soil from the landfill at the point
(x,y,20) at time 7 and may be calculated from 2.1).

Equation (2.6a) simply says that the mass of contaminant within the landfill
at time ¢ is equal to the original mass of contaminant within the landfill (at
t = 0) less the mass of contaminant transported into the soil over the area of
the landfill between time 7= 0 and 7 = ¢. Dividing (2.6a) throughout by AHjy
then gives an expression for the concentration cLr within the landfill at time ¢

1 t
=Cp— —— d4) d 2.6b
cLr(t) =co Y7 So (SJ fr ) T ( )(
Clearly, the limit as the volume of fluid in the landfill tends to infinity }
(Hy— ) corresponds to a constant surface concentration. (

2.4 1D SOLUTION

The simplest case which can be considered is that of one-dimensional contami-
nant transport in the clayey deposit, parallel to the z direction as shown in Fig.
2.1. It is assumed that this deposit is divided into a number of layers by node
planes z =20, 21, -..,2» and that each layer, (k-1 < 2 < z¢) may be con-
sidered homogeneous. Thus the vertical flux per unit area per unit time at a
point in layer k is given by (2.1) viz.:

o= nvge — nDy E. @.10)

74

For 1D mass transport in the clayey deposit, the equation governing pollutant
migration (2.3) reduces to

dc a%c dc
(n+ pK) FTen nD,, P-nvz 52 (2.7a)

Subject to the initial condition
c=c(zxk-1€2< %) atr=0 (2.7b)
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where the quantities n, vz, Dz, p, K and c; assume constant values appropriate

for the layer k under consideration.

Equations (2.1c) and (2.7) can be simplified by introducing the Laplace

Transform
@R={ @rea
yielding
= - ac
fz - nUzC - nDzz 5'2
(n + pK)(s¢ — cr)=nD ?—z—é—nv a¢
) y 4 44 azz 4 aZ .

Equation (2.10) has a solution of the form
é=E+Ae**+Bé*
where m = «, B are the roots of the equation

nDyzm?* — nuzm — (n + pK)s =0

o Uz +<v§ +s(n+pK))'/’

8= 2D, \4D%  nDg
and

_ _ (n+ pK)cr

E=cyfs= “wDuc

(2.8)

2.9

(2.10)

(2.11a)

(2.11b)

(2.11¢)

(2.11d)

Evaluating equations (2.11) in terms of the concentrations at the nodal planes

2j, 2k (where j=k —1) yields the interpolation formulae

(2= 70) _ eﬁ(z—zk)}

¢=(¢-E) {ea(zj— ) _ PG )

i e (z-2) _ oB(z-7)
+(—FE) {ea(z.— Z) _ eﬂ(zt—zj)} +

and thus

L -0

B ea(z—Z.) S eﬁ(z—z;.,)
nD;

e (2 zx) eﬁ(z,-— 2y)

a(z-2;) _ (z-2;)
Be o

+(ék—E)( e*(Ze-2) _ f (2= 2) }+(a+B)E.

(2.12)

(2.13)
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If we denote the depth of the sublayer by \ = zx — 2; this then gives the layer
matrix relating nodal concentrations and nodal fluxes

—a\ ~8x
[ g :—ax - :—Zx e(‘ﬁ _:gx G-E
=nD,;
- ~B-a)  -—@Be-aeM) . P
- fak PR RIS Ck
1
+ (¢ + B)EnD,, (2.14a)

-1

which may be written
fil _[Oc Rel[é&-E 1
[-ﬂk] = [Szlc TJ [ék—E] + (a+6)EnDzz[_ 1] . (2.14b)

Rearranging then gives:
i _[Qc Re||G| _ Uk
l:—f-zk:l—[sk Tk] [ék] [Vk] (2-14c)(

Uk = [Qk + R — (¢ + B)nD ] E (
Vi=[Sk+ Te + (e + B)nD ] E
and where a, 8, E are defined by (2.11c) and (2.11d).
Noting that both the flux f; and concentrations ¢ must be continuous, the

layer matrices defined by equation (2.14) may be assembled for each layer in
the deposit to give

where

PQI R, ] E ] _fr +Ur
S1 T+ Qz R, Ci Vi+ U:
S2 T2+0s Rs G2 =
Sn-l Tn—l + Qn Rn C-'n-l Vn:l + Un
i Sn Tn | | | —fo+ Vi
(2.15)
where

ér.fr are the values of concentration and flux at the top of the
deposit; and

b= Gn, fy=/fy are the values of concentration and flux at the base of the
deposit. :
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We now wish to solve this equation subject to the appropriate boundary
conditions.

Equation (2.15) describes vertical contaminant migration in a clayer deposit
for 1D conditions. If this deposit is underlain by a far more permeable stratum
with ground-water flow in the horizontal direction at a superficial velocity v»,
then solute will be transported away from the landfill at a rate dependent on
the velocity, porosity and geometric dimensions of this layer. The concentra-
tion in this base aquifer will only tend to zero when the base velocity is suffi-
ciently large to remove the discharged leachate. However, in many cases the
velocity will be relatively small and there will be a change in concentration with
time in this stratum. To provide a means of estimating this concentration in
a one dimensional analysis, it will be assumed that the concentration ¢»(?) in
the base aquifer does not vary with vertical or horizontal position and that
solute transport in this layer is only by horizontal advection. Thus for a landfill
of length L (where the length is the dimension of the landfill parallel to the
base velocity vs), the general equation (2.5) governing the concentration in the

base reduces to
t
Sfoz b Cb)
= LE 2= d .
Ch So(nbh nb L T (2.16)

where c¢p represents an average concentration in the aquifer beneath the
landfill.

It is implicitly assumed here that the permeable stratum is confined by a
lower impermeable boundary and so the volume of water in this permeable
stratum, beneath the landfill, depends on its thickness, h. Thus, the assump-
tion that cp is independent of position is likely to be most appropriate when
h is no more than a few metres. This approximation is considered to be ade-
quate for many practical situations; the more general two-dimensional case
where the concentration varies with lateral position beneath the landfill will be
considered in the next section.

Taking the Laplace transform of (2.16) gives

;= ;f'ﬁz - ;”:_:% 2.17)
This can be rewritten in the form
fo=06 (2.18a)
where
Q=h{nps+vs/L]. (2.18b)
Substituting (2.18a) into the last equation of (2.15) then gives
Sulnot + (Tn+Q)és = Va 2.19)

which now replaces the last equation of (2.15).
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Now considering the boundary condition at the top nodal plane z = 2o, the
top concentrate c¢r is equal to that in the landfill i.e.:

cr=CLF t>0 2.20)

and for the 1D case, the equation for the concentrations in the landfill (2.6b)
reduces to

t
cLr(t) =¢Co — L S frdr. (2.21a)
Hrlo
Taking the Laplace transform, this becomes
. & fr
= -, 2.22
CLF=—2—7¢ H, (2.22)
Combining (2.20) and (2.22) and the first equation of (2.15) then gives:
. & fr
=== 2.22
CLr s SHy ( )
Combining (2.20) and (2.22) and the first equation of (2.15) then gives:
(Q1 + sHy)cLr + Ric1 = cofly + UL, (2.23) (
Replacing the first and last equation of (2.15) by (2.23) and (2.19) then gives |
the complete set of equations. (
[0, +sH; R Mee | [eoltr+ ]
S Ti+ Q2 R, 0 C1 Vi+ U
0 S2 T+ Qs R; () =|Va+Us
Sn-1 Ta+ Qn R, Cn-1 Va-1+ Un
L 0 Sn Tn + Q_ \.éb _ _V" B

where ¢ denotes the concentration in layer plane z = z;; Qk, Rk, Sk, Tk, Ux and
Vi are defined by equation (2.14); and Q is defined by (2.18b). Equation (2.24)
can now be solved giving ¢ at each node plane. The Laplace transform can
then be inverted using a very efficient scheme proposed by Talbot [12]. Using
this approach an accuracy of order 10~ 6 and 10~ !° can typically be achieved
using 11 and 18 sample points respectively. For many practical problems an
accuracy of 10~ ¢ is more than adequate. The theory described above has been
coded in program POLLUTE [11] and can be run on both mini and micro
computers.

2.5 2D SOLUTION

The procedure described in the previous section can be readily generalized for
contaminant transport in both the x and z directions. Again, it is assumed that
the deposit is divided into a number of layers with node planes z = 2o, 21, - - - Zn

(
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and that each layer k(zk-1, € Z < 2) may be considered as homogeneous.
Thus from equation (2.1) the fluxes fy, f; transported in the x and y directions
within layers k are given by

Jx=nuxc — nDxx g (2.1a)
dx
ac ,
Se=nve—nDy —. (2.1¢)
9z

For 2D transport in the soil, the equation governing contaminant migration
(2.3) reduces to

dc d%c 3% ac ac
(n+ pK) 5—t=anx é?-i-nDzz azi-nvjr -a}—nvz 52 (2.253)
and
c=crlzx-1€71< % — 0 < x< ™) atr=0 (2.25b)

where the quantities 7, s, Uzy Dxxs D2z, £, K and ¢y are constants appropriate
to the layer k under consideration.

Equation (2.1a), (2.1¢), (2.25a) and (2.25b) can be simplified by the introduc-
tion of a Laplace transform:

@G fofi) = So (© fo fo) €% dt (2.26)
and a Fourier transform
€ FaF)=5 | (e fuse™dx @.27)
yielding
AF-'x = nvxc- - anxifé (2.288)
F,=nv,C - nD, ac (2.28b)
9z
and

- 2 ~ - ~
(n+ pK)(sC-Cr)= - £2nDC + nDy, %—zg— itnv,C — nv, %g (2.29)

This equation has the solution
C=E+Ae**+B¢* (2.30a)

where m = a, 8 are the roots of the equation:
nDgm? — nugm — [inve + §2nDxx + (n + pK)s] =0 (2.30b)
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and

(n + pK)Ci _ _(n+pK)Cy

E= =
£2nDyx + itnvy + (n + pK)s nD o8

(2.30¢)

Evaluating equation (2.30) in terms of concentration of the nodal planes zj,
z«(j = k = 1) yields the interpolation formulae:

_ _ ea(z—zk) _eﬁ(z-zk)
C= (Cj - E)[ea(zj-zk) — ea(z’—z")}

_ ear(z—z‘,-) _ eﬁ(z-'z,-)
+ (Cx - E){ea(zk_ e zj)} +E (2.31)
and thus
F, _ 8 e (-7 _ o eﬁ(z—zk)
','l—zz—z =(C— E){ @ (Z-20) _ Bz~ )
- 6 a(z2-2;) _ o eﬂ(l'zj)
+(Ck-—E){ =G5 Fa 5 }+(a+B)E. (2.32)

since only the definition of «, 8 and E differ. Consequently, the layer matrix

.
t

Notice that (2.31) and (2.32) have precisely the same form as (2.12) and (2.13) (

also takes the same form as (14a) and can be written as

Fy] [0 Re][C]_ Uk (
[_Flk] - [Sk Tk] [C-'i:l [Vk] (2.33)

where Qk, Rk, Sk, Tk, Ux and Vi are as defined in (14) but where in this case
a, B, E are defined by (2.30b) and (2.30c).

Noting again that the flux F, and concentrations C must be continuous the
layer matrices defined by (2.33) may be assembled for each layer k in the
deposit to give ’

O R : Cr Fr+ U
Si Th+Q: R: G Vi+ U
Sz T+Qs R; G =
Sn-1 Tn-1+QOn Ra| {Cr-1 Vn—_l + Un
| Sn T |G | L-Fo+Val
(2.34)

where Fr and Fp are the transformed fluxes at the top (z= Zo0) and bottom
(z=2z.) nodal plane respectively and Cr and C» are the corresponding
transforms of the concentrations at these points. It should be noted that this
matrix will not usually be symmetric. but it is tridiagonal and hence solution
of these equations is computationally trivial.

Equation (2.34) must be solved subject to the appropriate boundary con-
ditions. Considering the lower boundary first, suppose that the clay layer is

(

.
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underlain by a more permeable stratum of thickness 4 and porosity 7. Assum-
ing that the concentration is uniform across the thickness 4 but may vary with
position x, the general equation governing the concentration in the base
aquifer (2.5) reduces to

Cp = S;(Z%—% %—Cf+DH, %1%’) dr (2.35)
If (2.35) is transformed using (2.26) and (2.27) it is found that:
F»=0Cp (2.36a)
where
Q = h[nps + itvp + neDpxt*] . (2.36b)
Thus substituting (2.36a) into the last equation of (2.34) gives
SuCr-t + (Tn + Q)Cp = V. (2.37)

Replacing the last equation of (2.34) by (2.37) allows the horizontal
advective—dispersive transport in the aquifer to be modelled as a boundary
condition. Clearly, the same result could also be achieved by modelling the
aquifer as a layer of the deposit. If this aquifer layer is underlain by a no-flux
boundary, this can then be simulated by setting — F» =0 in the last equation
of (2.34) which now becomes.

Snén—l + Tnc_b = Va (238)

The boundary condition at the upper boundary can be developed for the
case where there is a finite mass of contaminant within the landfill of length
L (see Fig. 2.1). Assuming that the concentration of contaminant within this
landfill is spatially homogeneous but may vary with time as mass is transported
into the underlying soil, the two dimensional version of (2.6) can be written

1 t aL/2
crl) =0~ 7 So S_m frdx dt (2.39)
and so the concentration on the nodal plane z = 2o is given by
cr=c(x,2=20,t) = cLF(l) -LR2<x<L)2 (2.40)
cr=c(x,2=20,1)=0 | x| > L/2.
Taking the Laplace and Fourier transforms of (2.40) then gives
éT:El; Siz/z Crre & dx=§L; C-‘Lps—i-(ns—(i—j—'z/sz—) (2.41)
where Cir is as yet unknown.
To determine Crr let us firstly define x such that
x=Fr (2.42)
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for the reference case where Fr is determined by solving (2.34) (with the
appropriate base boundary condition), subject to the condition that Crr=1
and hence, from (2.41),

. _ L sin((L/2)

Cr= . 2.43
=2 LD (249
It follows that in general
Fr=xCrr. (2.44)
Taking the Laplace transform of (2.39) gives
Co 1 L2
CLF=—— —— d 2.45
ar=2- o |, frax (2.45)
Now from the Fourier inversion theorem
fr= S Fre™ dg (2.46)
and hence
L2 _ w oL/2  _
S Jrdx= § S Fre®* dx d¢
-L/2 - -L/2
(2.47)
® Lsin(§L)2) 5
= Frd¢
S-,, L)
substituting (2.44) and (2.47) into (2.45) then gives
s _¢__1 S“’ Lsin (§L/2) ~ .
CLF s SLH, 27 BT CLrx d& (2.48)
which upon solving for Crr gives
- LHfCo
=20 2.49
CLF SLHr+ A ( 2)
where

A= r zﬂ%@— % dz. (2.49b)

The reference concentrations ¢,; at the nodal planes are obtained for the
reference condition wheré ¢.r=1 by invoking

é,,-=S Ge®*dt (<j<n) (2.50)
and by performing the integration using numerical quadrature. The transform

coefficients C; in (2.50) are obtained by solving (2.34) subject to the appro-
priate base boundary condition (2.37) and (2.38) and the top boundary condi-

— — —
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tion (2.43). At the same time the quantity A can be determined from (2.42) and
(2.49b). The concentration ¢z r can then be determined from (2.49a) and hence
the concentrations of the nodal planes are given by

¢j=CLF" Crj. (2.51)

It then only remains to invert the Laplace transform.

The theory described above for 2D conditions has been coded in program
MIGRATE [13]. The major computational effort involved is associated with
the numerical inversion of the Fourier and Laplace transforms for the loca-
tions and times of interest. The Fourier transform can be efficiently inverted
using 20 point Gauss quadrature. The width and number of integration
subintervals which are needed to achieve a reasonable accuracy (say 0.1%)
depends somewhat on the geometry and properties of the problem under con-
sideration. These parameters can be determined from a few trial calculations
for a representative point and time of interest. (Similarly, it should be noted
that numerical experiments are also required to determine an appropriate finite
element mesh and time integration procedure if alternative finite element or
finite difference codes are used.) The Laplace transform can again be inverted
using Talbot’s algorithm.

2.6 3D SOLUTIONS

The governing equations for the 3D case are given by (2.1) and (2.3). The
development of the solution for this case follows along the same lines as that
for the 2D case described in the previous section except that here the Fourier
transform take the form

(c,Fx,Fy,Fz)=3;‘r—ZS S (€ o for fo) €=~ dx dy. (2.52)

-0

Thus taking the Laplace and Fourier Transform of (2.3) gives
- - 2 =
(n + pK)(SC = Cr) = = §nDuC = n'nDyyC + nDzz ‘;—ZT

— itnv,C — innu,C — nv; %% (2.53)
for any layer k (Zk-1 <2 < Zk)-
This also has a solution of the form
C=E+Ae**+p ¢~ (2.54a)
where m = a, B are the roots of the equation

nDpm? — nuzm — [ifnve + innvy + £2nDye + 1°nDyy + (n + pK)s] = 0 (2.54b)
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and

_Z (n+ pK)cr
nDz.of3 '

The layer matrices take precisely the same form as that given by (2.14) and
(2.33) but where «, 8, E are defined by (2.54b) and (2.54c) above. The layer
matrices may then be assembled for each layer in the deposit to give (2.34)
which again must be solved subject to the appropriate boundary conditions in
a similar manner to that described for the 2D case.

Considering horizontal flow in a base aquifer of thickness 7 and porosity np,
the equation governing the variation in concentration (within the aquifer) with
lateral position and time is given by (2.5b). '

Thus taking the Fourier and Laplace transforms of (2.5b) it is found that

(2.54¢)

F,=0C (2.55a)
where
Q = h[npS + i£0sx + invsy + NDpxt” + MeDpyn ] (2.55b)
which can then be substituted into the last equation of (2.34) to give

SnCrn-t1+ (Tn+Q)Cp = Va (2.56)

as was the case for 2D conditions.

At the upper boundary the constant mass boundary condition in 3D is given
by (2.6) which for the case of a rectangular landfill of length L and width W
can be written

1 t «W/2 oL/2
ty=co— dxdyd 2.57
cLr(t) =co WLHjy SOS-W/Z S-L/ZfT xayar ¢ )
and so the concentration on the nodal plane z = 2o is given by
cr=c(x,y,2=20)=CcLr(t) | x| < L2, |y|< W2 2.58)
cr=c(x,y,2=2)=0 |x|> L2, |y|> W :

Taking the Laplace and Fourier transforms of (2.58) then givés

_ 1 Lz w2 o
Cr=-1 S S r e Y dy dy
4r° Jrn2 J-wn
. LW sin (£L)2) sin (nW/2)
=CLF 3
4r* (EL/2) (W)2)
where ¢rr is as yet unknown.

The quantity x = Fr can then be determined by solving (2.34) with the
appropriate base boundary conditions and «, 8, E, Q defined by (2.54b),

(2.59)

~.
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(2.54¢) and (2.55b) for the case where

5 _ LW sin(EL/2) sintn w/2)
T=4r? (L) W2

Taking the Laplace transform of (2.57) and invoking the Fourier inversion
theorem the procedure described for the 2D case may be followed to give

a WLHjco

(2.60)

frr= T (2.61a)
where
®  a® 44 1 -
As S 3 sin (sL/zzn sin WW/2) 5 4t dy (2.61b)

The reference concentrations & at the nodal plane can now be obtained
from the Fourier inversion theorem, viz

o

Grj= S S Ciermr dsdn 1<jsn (2.62)

by numerical quadrature. The transform coefficients Cjin (2.62) are obtained
by solving (2.34) subject to the appropriate boundary conditions (2.37) or
(2.38) and the top boundary condition (2.60) by adopting the values of a, 8,
E, Q defined by (54b), (54c) and (55b). At the same time the quantity A can
also be determined from (2.61b). The concentrations CLr can then be
calculated from (2.61a) and hence the concentrations at the nodal plane are
given by (2.51). The Laplace transform can then be numerically inverted using
Talbot’s algorithm.

2.7 RESULTS

The theory described in this chapter is amenable to the analysis of contaminant
migration for a wide range of geometries and combinations of conditions.
Rowe et al. [8] have shown how this approach can be used to determine the
coefficient of hydrodynamic dispersion (which includes the effects of molecular
diffusion) and the sorption potential (oK) from the back analysis of results
from a single laboratory column test. The application of the theory for the
analysis of field problems has been demonstrated by Rowe et al. [8) and
Quigley and Rowe [13].

The theory can also be readily used to perform sensitivity studies to indicate
the effects of uncertainty regarding design parameters on the expected concen-
tration of contaminant at proposed monitoring points beneath or adjacent to
waste disposal sites. One problem of particular interest is that where the waste
disposal site is separated from an underlying aquifer by a thin layer of relative-
ly impermeable soil. This sityation may arise naturally as a result of glaciation.
For example, in Southern Ontario, Canada, it is not uncommon to encounter
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Figure 2.2 Variation in base concentration with time showing the effect
of height of leachate (Hy) and sorption (pK): 1D Analysis.

Intuitively, one would expect that the advective (superficial) velocity v, in the
clay would have a significant effect on the concentrations of contaminant
within the aquifer. That this is so is illustrated by the results given in Figure
2.3. Recognizing the role of advection in the transportation of contaminant,
it is clearly desirable to design landfills to minimize any downward seepage and
in some cases it may be desirable to design a system which gives rise to upward
flow from the aquifer into the landfill. However, it should be emphasized that
contamination of the aquifer can occur due to downward diffusion even when
there is opposing upward seepage into the landfill (e.g. see the results for
va = —0.005 m/a in Figure 2.3).

Provided that the mass of contaminant is finite, there will be a maximum
(peak) concentration within the aquifer (Comax) Which will occur at some time
tmax. The magnitude and time of occurrence of this maximum will be the
primary quantity of interest in the design and evaluation of landfills separated
from aquifers by either a natural or man-made clay liner. Among other things,
these quantities Comax and fmax will depend on the height of leachate (Hy) and

‘the advective velocity within the clay (va) as illustrated in Figure 2.4. A com-
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Figure 2.3 Variation in base concentration with time showing the effect of advective
velocity vg: 1D analysis.

0.001

parison of Figure 2.4(a) (oK =0) and Figure 2.4(b) (oK = 10) clearly shows
that the effect of the height of leachate is substantially greater for a reactive
species (pK = 0), this appears to be true irrespective of the advective velocity,
Va.

The modified 1D approach (Section 2.4) used in the preceding example is the
simplest of the proposed models which could be used. To make the problem
tractable within this 1D framework, it was necessary to assume that the con-
centration within the aquifer directly beneath the landfill was spatially
homogeneous at all times and that mass transport out of the aquifer directly
beneath the landfill was only due to the horizontal advective velocity. This is
equivalent to assuming that the coefficient of hydrodynamic dispersion in the
aquifer is infinite directly beneath the landfill and zero at all points outside the
boundary of the landfill. This is clearly an oversimplication of the actual situa-
tion and this raises the question ‘what is the effect of the aquifer model upon
predicted concentrations?’

If the 2D or 3D formulations are adopted (Sections 2.5 and 2.6), the condi-
tions in the aquifer can be modelled in the following ways.

I T,
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Figure 2.4 _(a) Effect of leachate height Hy upon maximum base concentration: and
time to reach maximum base concentration: 1D analysis: oK =0.

0.1 T T T T T 1T T 1T T T 7
cb max i -
- — ———
G — -_
. v, _— .
(m/3) //
0.005
- 0/ ’ _- - -
e ’ —
v o |
0.005 -~
e - ”~ b
005
e
0001 k’ L i 1 B LIL ! 1 ! [ .
8000 ¢ Y T T T T 7T T S M N R
- va ——- -
" (m/a) ,,-—-"‘//’ i
Fmax -0.005 e
- a—
{years§~
Parameters as gwven
in Fig.2.3: pK=10
1 i 1 [ lll 1 i L 1.1 1
1000 : ) T00
(b) Hf {m)
Figure 2.4(b) Effect of leachate height upon maximum base concentration and time

to reach maximum base concentration:

1D analysis, pK = 10.
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(1) As a boundary condition (see Section 2.3). This approach allows for
spatial variations in concentration within the horizontal plane of the aquifer
as well as advective dispersive transport within the aquifer itself. Thus this
advective dispersive transport will depend on the horizontal velocity within the
aquifer vpx, Uby and the coefficient of hydrodynamic dispersion in the acquifer
(D#x, Dry). However, this approach does assume that the concentration in the
acquifer is uniform in the vertical direction (i.e. Dy=) and that the
acquifer is underlain by an inpenetrable boundary (i.e. zero flux across this
boundary).

(2) As a physical layer having prescribed velocity components vpx, Usy and
coefficients of hydrodynamic dispersion Dy, DHx, Dry. This approach allows
for spatial variations in concentration both vertically and horizontally within
the aquifer. Treating the aquifer as a physical layer (i.e. in a manner similar
to the clay but with different parameters) permits us to examine two cases:

(i) where the aquifer is underlain by an impenetrable boundary (as we
assumed in (1) above); or

(ii) where the aquifer is underlain by an additional layer (or layers) of clay
(and/or sand).

Considering firstly, case (i) where the aquifer is assumed to be underlain by
an impenetrable boundary, 2D analyses were performed for the problem
shown in Figure 2.5 using the parameters given in Table 2.1. Figure 2.5 shows

Case(i') TCase (i)

0.26

‘Hf=m,_r:"z_::1_ He up_c:‘:\_
2m X Clay m

X
. Cay

p20}fF 1 o = dC Im Vn——,l Sand -
Chase - CN/ o Jmcbase: E:;)
016 | Z - Clay 4
Coase 10 Solution 4/ TITTTTTTT7IT 7
G 012 F

Aquifier Model

0.08 -
/ Boundary Condition S N
~

-— Layer: Case (i) ~<
0.04 1 /// ----- Layer: Case (i) Tsae
/4 Parameters given in Table 24 £=300 years "~

0 ] ) ] ] 1 ! 1 ]
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Figure 2.5 Concentration plume in aquifier at 300 years.
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Table 2.1 Parameters used to obtain Figures 2.5 and 2.6

Symbol
Layer Quantity (units) Value
Clay Vertical advective velocity ve{(m/a) 0.0
Porosity n 0.4
Sorption potential oK 0.0
Coefficient of hydrodynamic
dispersion (horizontal and
vertical) D(m?/a) 0.01
Sand Horizontal advective velocity vp(m/a) 1.0
Porosity ny 0.3
Sorption potential oK 0.0
Coefficient of hydrodynamic
Dispersion:
Horizontal Du(m?/a) 1.0
Vertical (layered case) D,(m?/a) 0.2
Vertical (boundary condition) D,(m?2/3) ©

the concentration plumes obtained at ¢ = 300 years using methods (1) and (2)
above. Method 1 implicitly assumes that the concentration Cvase 18 vertically
uniform within the aquifer. Method 2 makes no a priori assumption regarding
the spatial variation of concentration and the calculated values at the top (c»1)
and bottom (cs2) of the aquifer are both shown in Figure 2.5. For the
parameters considered, there is relatively little vertical variation in concentra-
tion within the aquifer and the results obtained by treating the aquifer as a
physical layer (Method 2) closely bound the results from the computationally
simpler approach where the aquifer is treated as a boundary condition
(Method 1).

Now let us consider case (ii) where the aquifer is underlain by an additional
layer of clay (in this case 10 m of clay is assumed to be resting on an im-
penetrable base). It is found that (see Figure 2.5) the concentration plume
is almost the same as that obtained for case (i) near the upstream edge of
the landfill but gives rise to considerably smaller concentrations near the
downstream edge of the landfill and at points outside the landfill (x > 100 m).
This decrease in concentration represents a natural attenuation as mass is
transported into the lower clay layer by diffusion. The results given at the top
and bottom of the aquifer indicate that there is a small concentration gradient
in the vertical direction within the aquifer.

Analyses similar to those performed to obtain Figure 2.5 were repeated for
different times to give the variation in concentration with time. Figure 2.6 sum-
marizes the results for a point beneath the downstream edge of the landfill
(x=100m) and a point well outside the landfill (x = 400 m). For the sake of
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Figure 2.6 Concentration in aquifier beneath edge of landfill
(x =100 m): effect of model.

clarity, only the concentrations calculated at the top of the aquifer (cp;) are
shown. A number of observations can be made regarding these results.

Firstly, it is evident that there is a natural attenuation of contaminant plume
as it advances along the aquifer (x > 100 m). The attenuation arises due to
diffusion of contaminant into the adjacent clay. Thus the maximum concen-
tration reached at x = 400 m is substantially less (by at least a factor of 2) than
that obtained at the edge of the landfill x= 100 m.

Secondly, consideration of possible diffusion into a clay layer beneath the
aquifer (case ii) gives rise to additional attenuation of contaminant concentra-
tion. At the edge of the landfill (x = 100 m), diffusion into the lower clay layer
reduces the maximum concentration (compared to case i) by approximately
20%. The effect increases with distance away from the landfill and at
x =400 m diffusion into the lower clay reduces the maximum concentration by
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almost a factor of two. Thus the modelling of the aquifer as a boundary con-
dition in a 2D analysis provides a conservative estimate of the contaminant
concentrations within the aquifer.

The modified 1D analysis which also treats the aquifer as a boundary condi-
tion gives an estimate of the concentration that may be expected in the aquifer
directly beneath the landfill. The results obtained for the present problem are
shown in Figures 2.5 and 2.6. Comparing these results with those obtained at
x =100 m from the 2D analysis indicates that for this case the modified 1D
approach slightly overestimates the time required to attain the maximum con-
centration and underestimated the magnitude of the maximum concentration.
However, in this case and a number of other cases examined [6] the
discrepancy, which was typically less than 30%, may be acceptable in
preliminary calculations.

It can be shown analytically that the total mass present in the aquifer at any
time ¢, for any base velocity vs, is equal to the mass into the aquifer calculated
from the 1D solution for vp =0, i.e.

m(t) = S S;fz(x,z,., fydrdx=L S; fip(za, 7) d7

in which L is the ‘width’ of the landfill;

-0

fip(za, 7)  is the flux into the aquifer at time 7 determined from the 1D solu-
tion for vp=0;

J2(x, Zx, ) is the flux into (or out of) the aquifer at time 7 and position x from
the 2D solution for the actual value of vs.

It should be noted that the total mass present in the aquifer (—© € X < )
at any time ¢ will be less than the total mass that has passed into the aquifer
directly beneath the landfill (- L/2 < x < L/2) up to this time 7. The difference
between these masses is due to diffusion from the aquifer back into the clay
outside the landfill (i.e. | x| > L/2). At large time the mass of contaminant
which has diffused into the clay is quite large. It is also interesting to observe
that the total mass remaining in the aquifer at any given time is independent
of the base velocity vs (although the total mass which has, at some time,
moved into the base does depend on vs).

2.8 OTHER FINDINGS

The problem of a clayey layer underlain by a thin aquifer examined in the
previous sections has been considered in more detail by Rowe and Booker
[2-6]. In these studies consideration was given to the effects of the height of
leachate H, the advective velocity va, the horizontal advective velocity (refer-
red to as the ‘base velocity’, vp), the coefficient of hydrodynamic dispersion
in the vertical and horizontal direction (Dx, D,), the sorption potential (pK),
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the thickness of the clay layer, the thickness of the aquifer, and the dimensions
of the landfill. As a result of these studies, it was observed that:

(1) If the base velocity is greater than zero, then the concentration of pollu-
tant in the aquifer beneath the liner will reach a maximum value, Cpmas, at
some time fmax, and will decrease for greater times. This maximum value can
be used in design to ensure that the contamination of the groundwater never
exceeds a specified level.

(2) Geochemical reactions (sorption) can greatly affect the magnitude of the
maximum base concentration as well as the time required to reach this max-
imum. The sorption potential will depend on the species of contaminant being
considered and the chemical properties of the clay. For reactive species, the
clay absorbs pollutant when the concentration is increasing. Once the concen-
tration at a point reaches a maximum value, the sorbed contaminant may re-
main fixed to the clay or, in the worst case, may be released back into the pore
fluid as the concentration drops. This beneficial buffering role for some species
of pollutant is only apparent if the finite mass of pollutant in the landfill is
considered.

(3) The effect of sorption is greatest for low to moderate volumes of
leachate (i.e. leachate height less than 10m). Sorption may be particularly
important in designing for hazardous substances such as NH, and heavy
metals although careful consideration of the chemical properties of the clay is
necessary.

(4) The maximum base concentration can be decreased by increasing clay
liner thickness. However, the design of the liner may be optimized by also con-
sidering the effects of leachate height, base velocity and any geochemical
reaction.

(5) The consideration of advection velocity does not alter the trends des-
cribed above. Downward- advective transport increases the maximum base
concentration and decreases the time required to reach this concentration.

(6) Diffusion of contaminant from the aquifer into the surrounding clay will
provide natural attenuation of contaminant in the aquifer. The maximum con-
centration reached at any point outside the boundaries of the landfill will never
reach the maximum value at the edge of the landfill. This phenomenon may
be used in specifying the buffer zone required around a landfill to ensure the
groundwater quality outside the buffer is never degraded below allowable
levels due to contamination from the landfill.

(7) The magnitude of the maximum concentration in the aquifer beneath
the landfill decreases:

(a) with decreasing mass of contaminant in the landfill; and
(b) with increasing base velocity.

(8) There is a critical base velocity which will result in the maximum concen-

Jiin g
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tration of contaminant at a point in the aquifer away from the landfill.
Velocities either larger or smaller than the critical velocity will result in a
smaller peak concentration in the aquifer at the point of interest. Thus it is not
necessarily conservative to design for only the maximum and minimum
expected velocities in the aquifer and a range of values between these limits
should be considered.

(9) Except for the case where the dispersion coefficient is very high or the
advective velocity is very low, advection is the predominant mechanism for
mass transport within the aquifer. )

(10) Increasing thickness of the aquifer (all other things being equal) tends
to decrease the concentration at the edge of the landfill. This is primarily a
result of iricreased dilution due to a correspondingly higher flow of water
through the aquifer. However, at points well away from the landfill, the
calculated maximum concentration may actually increase with increasing
thickness of the aquifer (again, all other things being equal) because the
relative diffusion into the surrounding clay layers is reduced.

(11) Increasing the dimensions of the landfill increases the maximum con-
centration at both the edge and at points ‘downstream’ (with respect to the
direction of advective flow within the aquifer) of the landfill. This is a result
of an increased mass loading of the aquifer which arises from a larger total
mass of contaminant within the landfill.

2.9 CHOICE OF ANALYSIS

The semianalytic methods of analysis developed in this chapter assume that the
soil stratigraphy consists of horizontal layers in which there is no variation in
properties in the horizontal plane. Clearly, this will not be the case in all field
situations. Nevertheless, in many practical cases the stratigraphy is sufficiently
regular that it can be reasonably idealised as having horizontal layering. For
problems involving complicated stratigraphy, it will usually be necessary to
adopt a more general numerical technique (e.g. the finite element method) but
even in these cases the techniques proposed here may be useful in developing
preliminary estimates of concentrations as well as for providing benchmark
results against which finite element calculations can be checked.

The primary advantage of the semianalytic techniques as compared to alter-
native numerical approaches, is that it is possible to directly determine the con-
centration of contaminant at specific points and times without determining the
entire concentration field at previous times. In many applications, it is really
only necessary to determine the magnitude and time of occurrence of the max-
imum expected base concentration at a few specific points which will usually
be specified as monitoring points in the aquifer (e.g. beneath the landfill and
at a few points outside the landfill). Using a ‘binary chop’ algorithm (which
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can be readily incorporated into the computer program), the maximum con-
centration expected to occur at the point can usually be determined to a preci-
sion of 0.1% or better by evaluating the concentration at these points for seven
times. Clearly, even fewer times would be required if one has a reasonable
initial estimate of the time at which the maximum will occur. Since the data
preparation time is also quite small, sensitivity studies can be easily performed
to determine the effect of uncertainty regarding input parameters (e.g. Up, Uq,
oK, etc) upon the calculated maximum concentrations at the specified monitor-
ing points.

The question of whether the 1D, 2D or 3D formulation is adopted will, of
course, depend on the specific problem. The computational effort involved in
performing a 3D analysis may be less than that involved in performing a 3D
finite element or finite difference analyses but it is, nevertheless, sufficiently
large to predicate against performing 3D sensitively analyses for most practical
applications.

Provided reasonable engineering judgement is exercised in selecting appro-
priate cross sections for analysis, it is considered that a 2D analysis will be
adequate for the vast majority of applications. A full 3D analysis may be
warranted to check the most critical case identified from the 2D analyses.

The modified 1D approach is ideally suited to the analysis of laboratory
column tests and other similar 1D situations. It may also be useful for:

(1) Obtaining an estimate of the contaminant migration through the clay
liner at the sides of the landfill.

(2) Identifying when significant concentrations are to be expected in the
aquifer,

(3) Providing an initial estimate of the magnitude-of the peak concentration
(and its time of occurrence) in the aquifer beneath the landfill, thereby
minimizing the amount of computation required to get accurate values for
these quantities from a subsequent 2D analysis.

REFERENCES

1. Anderson, M. P. Using models to simulate the movement of contaminants through
groundwater flow systems CRC Critical Reviews in Environmental Control, 9(2)
97-156, 1979.

2. Rowe, R. K., and Booker, J. R. A novel technique for the analysis of 1D pollutant
migration, Proceedings of the International Conference on Numerical Methods for
Transient and Coupled Problems, Venice, 699-702, 1984a.

3. Rowe, R. K., and Booker, J. R. The analysis of pollutant migration in a non-
homogeneous soil. Geotechnique, 32(4), 601-612, 1984b.

4. Rowe, R. K., and Booker, J. R. A finite layer technique for calculating 3D pollu-
tant migration in soil. Geotechnique, 36(2), 205-214, 1986.



P Wy

Efficient Techniques for the Analysis of Pollutant Migration 41

5. Rowe, R. K., and Booker, J. R. 1D pollutant migration in soils of finite depth,
Journal of Geotechnical Engineering, ASCE, 111 (GT4), 479-499, 1985a.

6. Rowe, R. K., and Booker, J. R. 2D pollutant migration in soils of finite depth,
Canadian Geotechnical Journal, 22(4), 429-436, 1985b.

7. Gillham, R. W., and Cherry, J. A. Predictability of solute transport in
diffusion-controlled hydrogeologic regimes Proc. Symp. on Low Level Waste
Disposal: Facility Design, Construction and Operating Practices, Nuclear
Regulatory Commission, Washington, D.C. 1982.

8. Rowe, R. K., Caers, C. J., Booker, J. R, and Crooks, V. E. Pollutant migration
through clayey soils, Proceedings of XI International Conference on Soil
Mechanics and Foundation Engineering, 1293—1298, San Francisco, 1985.

9. Griffin, R. A., Cartwright, K., Shimp, N. F., Steele, J. D., Ruch, R. R., White,
W. A., Hughes, G. M., and Gilkeson, R. H. Attenuation of pollutants in
municipal landfill leachate by clay minerals. Environmental Geology Notes, Nos.
78 and 79, Illinois State Geological Survey, Urbana, Ill., 1976.

10. Griffin, R. A., Frost, R. R., and Shimp, N. F. Effect of pH on removal of heavy
metal from leachate by clay minerals. Residual Management by Land Disposal
(W.H. Fuller, ed.), United States Environment Protection Agency, EPA-600/
9.76-015, Cincinnati, Ohio, 1976, pp. 259-268.

11. Rowe, R. K., and Booker, J. R. Program POLLUTE - 1D Pollutant migration
analysis program, Distributed by SACDA, The Faculty of Engineering Science,
The University of Western Ontario, London, Ontario N6A 5B9, 1983.

12. Talbot, A. The accurate numerical integration of Laplace transforms, J. Inst.
Maths. Applics. 23, 97-120, 1979.

13. Rowe, R. K., Booker, J. R., and Caers, C. J. Migrate 2D pollutant migration
through a non-homogeneous soil: user manual, Available through SACDA, Facul-
ty of Engineering Science, University of Western Ontario, 1985.

14. Quigley, R. M., and Rowe, R. K. Leachate migration through clay below a
domestic waste landfill, Sarnia, Ontario, Canada, Chemical Interpretation and
Modelling Philosophies, Proceedings of International Symposium on Industrial
and Hazardous Waste, Alexandria, 1985.

NOTATION

A plan area of the landfill

c=c(x,5,2,1) concentration of contaminant at any point (x, y,2z) within the clay layer at

time ¢

cr=c(x, ¥,20,8) concentration of contaminant at the top of the clay layer (z = %)

Cb = Cbase =c(X, ¥, Im 1)

concentration of contaminant within the base aquifer at position (X, »)

Chmax maximum concentration of contaminant ever reached at position (x, y) in the

base aquifer

cr initial (background) concentration

CLF concentration of contaminant within the landfill

Co initial concentration of contaminant within the landfill

¢ Laplace transform of ¢

C Fourier transform of ¢

Dz, Dyy, D2z coefficient of hydrodynamic dispersion (including diffusion and mechanical

dispersion) in the x, y and z Cartesian directions

D isotropic coefficient of hydrodynamic dispersion
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horizontal coefficient of hydrodynamic dispersion in x, y directions in the base
aquifer

the flux in the x direction

the flux in the y direction

the flux in the z direction

the vertical flux entering the top of the clay layer at position (x, y)
the vertical flux entering the base aquifer at position (x, »)

Laplace transforms of f, f,, fo, /1. fo

Fourier transforms of fy, £, fo, 1. /o

equivalent height of leachate (volume of leachate per unit plan area)
thickness of aquifer

distribution coefficient

width of the landfill parallel to the velocity v

porosity of the clay layer

porosity of the base aquifer

time

horizontal (x and y) and vertical (z) components of the seepage velocity
apparent (Darcy, superficial) vertical = nv,

apparent (Darcy, superficial) horizontal velocity in the base aquifer
components of the apparent velocity in the base aquifer

horizontal distance from the centre of the landfill

vertical distance below the base of the landfill

dry density of the soil soilds

thickness of a layer



